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Abstract 

We prove a finiteness result for the <9-patterned guts decomposition of all 3- 
manifolds obtained by splitting a given orientable, irreducible and 9-irreducible 3- 
manifold along a closed incompressible surface. Then using the Thurston norm, we 
deduce that the JSJ-pieces of all 3-manifolds dominated by a given compact 3-manifold 
belong, up to homeomorphism, to a finite collection of compact 3-manifolds. We show 
also that any closed orientable 3-manifold dominates only finitely many geometrizable 
integral homology spheres. As a corollary we answer an old question of J. Simon in 
the case of non degenerate epimorphisms between knot groups. 



1 Introduction 

Maps between 3-manifolds have been studied for a long time, and have become an es- 
pecially active subject after Thurston's revolutionary work on 3-manifold theory. The 
existence of non-zero degree proper maps between compact orientable 3-manifolds is a 
fundamental and difficult question in this area. We say that a compact, orientable 3- 
manifold M dominates a compact orientable 3-manifold N if there is a non-zero degree 
proper map f : M —> N. When the degree of / is one, we say that M 1-dominates N. 

With Thurston's conjectural picture of 3-manifolds, the following simple and natural 
question was raised in the 1980's (and formally appeared in the 1990's, see [Ki, 3.100 
(Y.Rong)], and also [W2]). 
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Question 1 Does a closed orientable 3-manifold 1-dominate at most finitely many closed, 
irreducible and orientable 3-manifolds. 

If we allow any degree, 3-manifolds supporting one of the geometries § 3 , P5L2(M), Nil 
can dominate infinitely many 3-manifolds. Thus any closed orientable 3-manifold which 
dominates such closed 3-manifolds indeed dominates infinitely many 3-manifolds. At the 
moment these are the only known examples, so the following generalization of Question 1 
makes sense: 

Question 2 Let M be a closed orientable 3-manifold. Does M dominate at most finitely 
many closed, irreducible, orientable 3-manifolds N not supporting the geometries ofS 3 , 
PSLrfR),NiU 

Many related partial answers to Questions 1 and 2 have already appeared in the lit- 
erature, see for example [Rol], [Ro2], [Ro3], [BW], [HWZ1], [HWZ2], [RW], [Sol], [So2], 
[So3], [Re], [WZ], [De], [Del] , [MP]. 

Notice that finiteness of closed irreducible targets implies finiteness of possibly non 
prime closed targets because a connected sum of finitely many closed 3-manifolds 1- 
dominates each of its prime summands. In the same way finiteness of closed targets 
imply finiteness of the targets in the setting of compact orientable 3-manifolds by using a 
double construction argument. 

First we introduce some standard terminology in 3-manifold topology, see [J]. 

In this paper, all surfaces and 3-manifolds are compact and orientable. Also we will 
work in the piecewise linear category, so all spaces and maps will be PL. Suppose S (resp. 
P) is a properly embedded surface (resp. an embedded 3-manifold) in a 3-manifold M. 
We use M\S (resp. M \ P) to denote the resulting manifold obtained by splitting M 
along S (resp. removing intP, the interior of P). Note that often if S is closed or compact, 
we allow the possibility that S is not connected, so that it has finitely many components. 

A 3-manifold M is: 

• prime if it is not the connected sum of two 3-manifolds neither of which is S 3 . 

• irreducible if every embedded sphere in M bounds a ball in M. A prime orientable 
3-manifold which is not irreducible is homeomorphic to S 2 x S 1 . 

• d-irreducible if for every properly embedded disc D in M, there is a ball B C M 
and a disc D' C dM, such that dD = dD' and dB = DU D' . 

• atoroidal if every Z © Z subgroup in tt\M is conjugate into iridM and in addition 
tt\M does not contain the fundamental group of the Klein bottle. An irreducible 
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orientable 3-manifold such that every Z©Z subgroup of -k\M is conjugate into TT\dM 
is either atoroidal, or the twisted I-bundle over the Klein bottle. 

The JSJ-decomposition of a compact orientable irreducible 3-manifold M is the canon- 
ical splitting of M along a finite (possibly empty) collection T of disjoint and non-parallel, 
nor boundary-parallel, incompressible, embedded tori into maximal Seifert fibered or 
atoroidal compact submanifolds. We call the components of M \ T the JSJ-pieces of 
M. 

Thurston's geometrization conjecture states that the atoroidal JSJ-pieces support a 
hyperbolic metric on their interiors. Thurston proved his conjecture for any Haken 3- 
manifold (i.e. a compact, orientable, irreducible and ^-irreducible 3-manifold which con- 
tains a properly embedded essential surface; for details see [Thl], [Th2], [Ka], [Ota]). 
A compact orientable, irreducible and orientable 3-manifold is called geometrizable if it 
satisfies Thurston's geometrization conjecture. 

According to Thurston's geometrization conjecture, it makes sense to consider Ques- 
tions 1 and 2 when the targets are geometrizable 3-manifolds. In this setting, a positive 
answer to Question 2 implies a positive answer to Question 1. Since the results of [Sol] 
(see also [Re]) and [WZ] show that a closed orientable 3-manifold dominates only finitely 
many 3-manifolds supporting either a hyperbolic structure with finite volume or a Seifert 
geometry H 2 x E 1 , Question 2 for geometrizable targets reduces to the following: 

Question 3 Let M be a closed orientable 3-manifold. Does M dominate at most finitely 
many, closed, orientable, irreducible 3-manifolds N with non-trivial JSJ decomposition? 

There are some partial results for Question 3 in the case of sequences of degree 1 maps 
(see [Rol], [So2]), or when the domain and the target have the same simplicial volume 
(see [So3], [Del]). Question 3 is solved in [Del] when M is a graph manifold. 

A general approach to Question 3 can be divided into two steps: 

1. Finiteness of JSJ-pieces: show that there is a finite set TtS(M) of complete hyper- 
bolic 3-manifolds with finite volume and of Seifert manifolds such that each JS J-piece 
of a 3-manifold N dominated by M belongs to HS(M). 

2. Finiteness of gluing: For a given finite set HS(M) of complete hyperbolic 3-manifolds 
with finite volume and of Seifert manifolds, there are only finitely many ways of glu- 
ing elements in TLS(M) to get closed 3-manifolds dominated by M. 

Notice that with our terminology, a manifold supporting a Solv geometry has a non- 
trivial JSJ-decomposition with only one piece homeomorphic to a product T 2 x / or two 
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pieces homeomorphic to the twisted I-bundle over the Klein bottle. For such manifolds 
in the target, the finiteness of JSJ-pieces is trivially true, while the finiteness of gluing 
has only been settled under 1-domination (see [WZ]). To our knowledge the finiteness of 
gluing is still open if we allow arbitrary non-zero degree. 

T. Soma proved the finiteness of hyperbolic JSJ-pieces in [So2]. One of the main 
results of this paper is to complete the proof of the first step by proving the finiteness of 
the Seifert fibered JSJ-pieces: 

Theorem 1.1 (Finiteness of JSJ pieces) Let M be a closed, orientable, 3-manifold. 
Then there is a finite sefHS(M) of complete hyperbolic 3-manifolds with finite volume and 
of Seifert fibered 3-manifolds, such that the JSJ-pieces of any closed, orientable, irreducible, 
geometrizable 3-manifold N dominated by M belong to 7iS(M), provided that N does not 
support the geometries o/S 3 , PSLi2($&), Nil. 

The finiteness of the Seifert fibered JSJ-pieces follows from a finiteness result for the 
Thurston norm of all compact 3-manifolds Ms = M \ S, where S runs over all incom- 
pressible, orientable surfaces (not necessary connected) in M, see Section f3. II This latter 
result is derived from the finiteness of (a certain version of) "patterned guts" of all the 
manifolds Ms = M \ S, where S runs over all incompressible, orientable surfaces in M, 
which we prove in Sectional 

We also prove the finiteness of gluing when the targets are irreducible, geometriz- 
able, integral homology 3-spheres. Together with Theorem 1.1 (Theorem 14. lj) this gives a 
positive answer to Question 3 when the targets are integral homology spheres. 

Theorem 1.2 Any closed orientable 3-manifold dominates only finitely many geometriz- 
able integral homology 3-spheres. 

Without any restriction on the possible degrees of the maps or on the geometry of 
the target, this is the best result one can expect, since any closed orientable 3-manifold 
dominates all 3-dimensional lens spaces, which are rational homology spheres. Moreover, 
if Perelman's results on geometrization are confirmed, the assumption that the target is 
geometrizable could be removed. 

The argument for integral homology spheres can be modified to prove the following 
corollary, which answers an old question of J. Simon in the case of non degenerate epi- 
morphisms between knot groups (see [Ki, Problem 1.12 (J. Simon)] and Sectional). 
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Corollary 1.3 Any compact orientable 3-manifold dominates at most finitely many knot 
complements in S 3 . 

The paper is organized as follow: The finiteness of "patterned guts" is discussed in 
Section [21 the finiteness of Thurston norm and Gromov volume is discussed in Section 
13.11 the finiteness of JSJ-pieces is proved in Section The last Sections, 03 and EJ are 
devoted to finite domination results when the targets are integral homology 3-spheres or 
knot complements in § 3 . 

We end the introduction by the following 

Remark 1.4 We could define the notion of domination between 3-manifolds which are 
not necessarily orientable in terms of geometric degree [EpJ. But, then there are examples 
of non- orientable (hyperbolic) 3-manifolds which 1-dominate infinitely many orientable 
(hyperbolic) 3-manifolds (see [Ro3j, [BWJ). In [BW, section 3], by lifting the maps in 
those examples to the orientable double cover of the domain, maps between orientable 
hyperbolic 3-manifolds are produced whose degree is 1 + (—1) = rather than 2, as wrongly 
claimed there. This error has been pointed out by T. Soma and many others. 

2 Finiteness of patterned guts 

In 3-manifold topology, the term "guts" has several different interpretations. However, 
finiteness of guts is a basic principle, which originated from H. Kneser's work. For some 
recent applications of concepts related to guts in 3-manifold theory, see [A], [Ga2], [JR]. 
We now discuss the precise definition of patterned guts needed for our study of non-zero 
degree maps. 

Suppose X is a 5-irreducible and irreducible, compact, orientable 3-manifold. Accord- 
ing to Jaco-Shalen-Johannson theory [J], there is a unique decomposition, up to proper 
isotopy: 

X = (X \ Seifert pairs) U Seifert pairs. 
Furthermore the Seifert pairs have unique decompositions, up to proper isotopy: 

Seifert pairs = (Seifert pairs \ IB^) U IB%, 

where IB^ is formed by the components of the Seifert pairs which are /-bundles over 
surfaces F with negative Euler characteristic x{F) if We make the following 
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convention in this paper: if a component of X is a Seifert manifold and also an /-bundle 
over a surface, we will always consider it as an /-bundle. 

Therefore we have a decomposition 

X={X\IB X ) U Ax IB X = G x U Ax IB X , 

where Ax is the collection of frontier annuli of IB X in X. We call Gx = X \ IB X the 
guts of X, and the decomposition above the GI- decomposition for X. The embeddings 
of Gx, Ax and IB X are unique up to proper isotopy in X. 

Suppose S is a closed, incompressible surface in an irreducible 3-manifold M. Then 
Ms = M \ S is <9-irreducible and irreducible. For such a surface S, we write the GI 
decomposition of Ms as 

M s = G s U As IB s . 

Definition 2.1 Suppose X is an orientable, irreducible and d-irreducible 3-manifold. A 
d-pattern for X is a finite collection of disjoint annuli A C dX, and given A we say that 
X is d-patterned. 

Example 2.2 For each component G of Gs, GdAs is a d-pattern for Gs- We often call 
the pair (G, G H As) a patterned guts component for the surface S. 

The main result of this section is the following finiteness result for patterned guts: 

Theorem 2.3 (Patterned guts finiteness) Let M be a closed, orientable, irreducible 
3-manifold. Then there is a finite setQ(M) of connected, compact, orientable, d-patterned 
3-manifolds such that for each closed, incompressible (not necessarily connected) surface 
S C M , all patterned guts components of (Gs, Gs H ^s) belong to Q(M). 

Proof. The proof consists of three steps. 

Step 1. Construct a first 'approximation' to the G I- decomposition by applying a refined 
Kneser argument. 

Fix a triangulation K of M. Suppose that K has t tetrahedra. For simplicity, we also 
assume that K has only one vertex v (see [JR] for example). Let S v be the normal sphere 
which is the boundary of a small regular neighborhood B v of v. Suppose that 5 is a closed 
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orientable incompressible surface in M. First deform S to be a normal surface in (M, K). 
We can assume that S n S v = 0. Let = S U S v . 

Each tetrahedron T has seven normal disc types, four triangular types and three quadri- 
lateral types. Since «S* contains S v and 5* is embedded, for each tetrahedron T of K, TnS* 
contains all four triangular normal disc types but at most one quadrilateral normal disc 
type. 

Let M* = M\B V , = K(lM*, and T» = TnM t for each tetrahedron T in K. Then 
is a truncated triangulation of M*, and each T* is a truncated tetrahedron. Now we 
consider S C M* = 

If S fl T* contains a quadrilateral normal disc, then T*\S contains two non-product 
regions, which are truncated prisms : they are truncated from T by using this quadrilateral 
normal disc and four non-parallel triangular normal discs S (~)T. The boundary of each 
such a truncated prism component has seven faces: 

(1) two triangular normal discs which lie in S U S v ; 

(2) one quadrilateral normal disc which lies in S; 

(3) two hexagonal faces which lie in the boundary of T; 

(4) two quadrilateral faces which lie in the boundary of T. 

If SPlT* contains no quadrilateral normal disc, then T*\S contains just one non-product 
region, which is a truncated tetrahedron: it is truncated from T by using four non-parallel 
normal discs of triangular type. The boundary of such a truncated tetrahedron component 
has eight faces: 

(5) four normal discs of triangular type which lie in S U S v ; 

(6) four hexagonal faces which lie in the boundary of T. 

Note that each remaining component of T* \ S is a product region, whose boundary 
is formed by two normal discs of the same triangular (resp. quadrilateral) type and three 
(resp. four) vertical quadrilateral faces which lie in dT. Moreover in K*\S, each hexagonal 
face given in (3) or (6) is identified with a hexagonal face given in (3) or (6), and each 
quadrilateral face given in (4) is either identified with a quadrilateral face given in (4), or 
with a vertical quadrilateral face of a product region. 

Let Q be a quadrilateral face given in (4). If in K*\S, Q is identified with a vertical 
quadrilateral face of a product region, we call Q a frontier quadrilateral face. Otherwise 
we call Q a non-frontier quadrilateral face. 

Now we glue together the truncated prism components and the truncated tetrahedron 
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components of K* \ S along their hexagonal faces and their non- frontier quadrilateral faces 
to get pieces Pi Pk- Let G l s be the union of those pieces Pi, i = 1, k. 

Note that dM*s = Si U S2 U S v , where Si and S2 are two copies of S, and 
dG s = (dM*s (~l G s ) U (union of frontier quadrilaterals). (i) 

Now we have M* \ 5 = G s U ((M* \ 5) \ G^). The components of (M* \ 5) \ G^ are 
obtained by gluing the product regions along their vertical quadrilateral faces, hence they 
are /-bundles, whose union is denoted by IB S . IB S is a product or twisted /-bundle, 
denoted by N(S'), for a compact surface S'. Let N(dS') denote the /-bundle structure 
restricted to dS' . Hence 

dIB s = {dM, s n dIB s ) U N(dS'). {ii) 

Clearly 

<9M* S = (&M* 5 n G s ) U (5M»s n (iii) 

Combining the formulas (i) (ii) and (iii), it follows that the annuli N(dS') in (ii) are 
identified with the union of frontier quadrilaterals in (i). In conclusion, all those frontier 
quadrilaterals form the intersection IB S n G s , which is a union of finitely many properly 
embedded annuli in M*\S, denoted by ^4^. We call A s the frontier annuli of G s (of IB S ). 
Now we get our first 'approximation' Gl-decomposition 

M* \ S = Gl U A i IBl 

For each S C M, G s is constructed from n < t truncated tetrahedra and m < 2t 
truncated prisms by gluing their hexagonal faces and non-frontier quadrilateral faces in 
pairs. It follows that there is a bound for the combinatorial (therefore the topological) 
types of the components of G s . A very crude bound is 5*, obtained by noting that there 
are 5 choices for each tetrahedron consisting of the empty set, the truncated tetrahedron 
or one of the 3 possible truncated prisms (note if we have any quadrilateral type we always 
get both two truncated prisms in our guts). Moreover once G s is formed, the position of 
the frontier annuli ^4^ C G- is fixed. Hence we reach the following conclusion: 

Conclusion 2.4 There is a finite set Q 1 (M) of compact, orientable, connected, d-patterned 
3-manifolds such that for each closed, incompressible surface S C M, all patterned com- 
ponents of (G s , G s n A s ) belong to Q 1 {M). 
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Step 2. Construct a second 'approximation' to the G I- decomposition by absorbtion of 
"tiny" patterned 3-manifolds from G s U IB S . 

Suppose that a component Ai (or Ai and Aj) of A s separates a component P of M*\S 
such that one of the following patterned 3-manifolds occurs: 

(i) (P, Ai) = (D 2 x I,dD 2 x I), or ((D 2 x I)\B v ,dD 2 x /); 

(ii) (P, Ai) = {D 2 xS\lx S 1 ) or (P, Ai) = ({D 2 x S 1 ) \B v ,Ix S 1 ), for interval / C dD 2 ; 
(hi) (P, Ai U Aj) = (ix/,Mx I) or ((A x 7) \ £„, dA x I) for some annulus A; 

We call any patterned 3-manifold of one of the types above tiny. 

Note that a tiny patterned 3-manifold P may contain other tiny patterned 3-manifolds. 
Therefore P may contain (finitely) many components of As- But since A$ has finitely 
many components, there are only finitely many tiny patterned P. 

Let P be a tiny patterned 3-manifold. We eliminate P by gluing it to its neighboring 
component(s) along Ai (and Aj) and then delete from A s all components of A s in P. In 
this manner, we also eliminate all tiny patterned 3-manifolds contained in P. In such an 
absorbtion process, we get a new decomposition G s (l) ^a^i) -^s(l) : an components in 
G s and IB S which are contained in P or are adjacent to P become a new component of 
G s (l) U IB S (1), and all the remaining components in G s and IB S are preserved, Ag(l) 
is obtained by removing from A\ all components of A l s in P . The new component in the 
new decomposition which contains P is considered as a 'pseudo' /-bundle (respectively 
a 'pseudo' guts) component if and only if the neighboring component(s) of P is (are) an 
/-bundle or guts component. 

Now consider the tiny patterned 3-manifolds of the decomposition G s (l) U 41 ^ IB S (1) 
defined as above (which indeed is a sub-collection of the tiny patterned 3-mnaifolds of 
G s U^i IBg). If there are some, we can continue this absorbtion process to get a new 
decomposition G\{2) U^i^) IB S (2). Repeating this process we get a sequence of de- 
compositions G\{n) L-Ui( n ) IBg(n). Since A s has only finitely many components and 
the number of components of A\{n) is strictly decreasing, this absorbtion process must 
stop for some n. Then we get our second 'approximate' Gl-decomposition without tiny 
patterened 3-manifolds, which is denoted by 

M* \ S = G 2 S U A% IB 2 . 

Now we claim the following: 
Claim 2.5 Each annulus in A 2 S is incompressible and d -incompressible in M* \ S. 
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Proof. Suppose some annulus Ai C A 2 S is compressible in M* \ S. Since M* \ S 
is 3- irreducible, each component of dA{ bounds a disk in d(M* \ S). Since M \ S is 
irreducible, must separate from M* \ S either a component homeomorphic to D 2 x / 
or to (D 2 x I)\ B v . This contradicts the fact that no Ai meets the condition (i). 

Suppose that some annulus Ai C A 2 S is 9-compressible in M* \ S. Since M* \ S is 
irreducible and 9-irreducible, it is not difficult to verify that Ai must separate from \ S 
a component P homeomorphic to a solid torus or a punctured solid torus and which meets 
the condition (ii). This again gives a contradiction. □ 

Since A 2 S is incompressible and d- incompressible in M* \ S, A 2 S does not meet S v , and 
we can plug the ball B v back into M* \ S to get a new 'pseudo' Gl-decomposition for 
M\S, still denoted as 

M\S = G 2 U A 2lB 2 . 

Let m be the number of pattern annuli in Q 1 (M). Let V(M) be the set of patterned 
3-manifolds consisting of m copies of a patterned 3-manifold of each type (i), (ii) and 
(hi), and of one 3-ball. Then the patterned 3-manifolds obtained from Q 1 (M) and V(M) 
by identifying some of their pattern annuli in pairs, and possibly plugging in the 3-ball, 
is a hnite set Q 2 (M) of patterned 3-manifolds. Since G 2 S is obtained from a subset of 
G\ C G 1 (M) and a subset of V(M) by identifying some of their pattern annuli in pairs, 
and possibly plugging in the 3-ball, it follows that, up to homeomorphism, the elements 
of G| belongs to Q 2 {M). Hence we reach the following conclusion: 

Conclusion 2.6 (1) There is a finite set Q 2 (M) of compact, orientable, connected, d- 
patterned 3-manifolds such that for each closed, incompressible surface S C M , all pat- 
terned components of (G|, G 2 S n A 2 S ) belong to G 2 (M); 

(2) Each component of IB 2 S is an I-bundle over a surface F such that x(F) < if dF ^ 0. 
Moreover A 2 S is incompressible and d -incompressible. 

Step 3. Comparing the decomposition G 2 S IB$ with the GF decomposition. 

We recall that Ms = Gs Ua s IBg is the Gl-decomposition. By the embedded version 
of the enclosing property of the JS J-decomposition and Conclusion 12.61 IB S is a sub-I- 
bundle of IBg up to a proper isotopy of M \ S. Hence 

G 2 = M S \ IB 2 = G s U As (IBs \ IB s)- 
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Suppose Ag has mj components. Let T* be the once punctured torus and define 
the patterned 3-manifold (P,A) = (T* x I,dT* x I). Let Mf be obtained from G% and 
ms copies of (P, A) by identifying each frontier annulus of G 2 S with a frontier annulus of 
P. Then Ml* is boundary irreducible and is uniquely determined by Go. In particular 
there are finitely many topological types of Mj* for all incompressible surfaces ScMby 
Conclusion El (1). 

Let M|* = G* s Ua* s IB*~ be the G/-decomposition, which is unique up to isotopy. 
Hence there are finitely many topological types of G* s for all incompressible surfaces S C 
M. It is not difficult to see that (G* S ,A* S ) = (Gg,As) for each incompressible surface 
S C M. Hence Theorem 2.3 is proved. □ 

3 Thurston norm and Gromov volume 
3.1 Finiteness of the Thurston norm 

We first give a brief description of the Thurston norm on the second relative homology 
group Bi2(X, Y;7j) of a compact, orientable 3-manifold X, where Y C dX is a subsurface. 

Thurston [Th3] introduced a pseudo norm on H2(X,Y;Z) using the fact that any 
homology class z € H2(X,Y;Z) can be represented by a properly embedded oriented 
surface (F,dF) <— > (X, Y). Set X-(F) = max{0, — x(F)} if F ls connected, otherwise 
let X-{F) = where Fi are the components of F. Then for an integral class 

z G H2(M;Z), the Thurston norm \\z\\ of z is defined as 

\\z\\ = inf { max(0, —x{F)) : S is an embedded closed orientable surface 
representing the homology class z in H2(X,Y;Wi) }. 

Thurston then shows that || || extends to a convex pseudo-norm on H2(X,Y;M) which is 
linear on rays through the origin. The Thurston norm turned out to be very useful in the 
study of the topology of 3-dimensional manifolds. 

In [Gal] (see also [Pe]) Gabai shows that to define the Thurston norm, one can replace 
"embedded surfaces" by "singular surfaces" and still get the same norm. 

Definition 3.1 Let X be a compact, orientable 3-manifold and Y C dX be a subsurface. 
For a finite set of elements a = {ai, a^} of H2(X, Y; Z), we define 

TN(a) = max{\\ai \\,i = 1, k}. 
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Then we define 

TN(X,Y) = min{TN(a)\a runs over all finite generating sets ofH2(X,Y;Z)}, 

to be the Thurston norm of the pair (X, Y). 

Using the finiteness of patterned guts established in the previous section we prove: 

Proposition 3.2 (Finiteness of the Thurston norm) Let M be an irreducible, closed, 
orientable 3-manifold. Then TN(Ms,dMs) picks only finitely many values, when S runs 
over all closed, incompressible surfaces embedded in M . 

Proof. For each closed incompressible surface S C M, we have the Gi-decomposition 
Ms = Gs U^ s IBg. By Theorem 12.31 there are only finitely many topological types 
of patterned guts (Gs,As) for all incompressible surfaces S C M, hence the number of 
components of As is uniformly bounded. We first modify the decomposition so that the 
gluing annuli between the two parts become separating. For each component N(F) of IBg , 
which is a product /-bundle or twisted /-bundle, we choose a curve in the interior of the 
base surface F, which co-bounds a planar subsurface Q together with all the boundary 
components of F. Since the number of boundary components of F is bounded by the 
number of components of As, \x(Q)\ is uniformly bounded above, for all incompressible 
surfaces S C M. Then we consider the new decomposition M = G' s U^/ IB'$, where 
G' s is obtained by gluing to Gs the handlebodies N(Q) along the components of As and 
IB'g is the sub- /-bundle of IBg corresponding to the subsurfaces F — int(Q). The gluing 
annuli ^ are the separating annuli of N{dQ) — As, using our previous convention that 
N(Q) and N(dQ) are the /-bundle restricted to Q and dQ respectively. 

For a given patterned guts (^5,^45), there are only finitely many positive integer 
solutions {mi, m^} such that mi+...+mt = m where m is the number of components of 
Ag, and for any such solution {mi, m^}, there are only finitely many ways to distribute 
m elements into k groups of cardinality mi, m^ respectively. Hence by the construction 
and Theorem l2.3l there are only finitely many topological types of 5-patterned 3-manifolds 
(G' S ,A' S ) for all incompressible surfaces 5 in M. Then the finiteness for the values of 
TN(Ms,dMs) is a direct consequence of the following lemma: 

Lemma 3.3 Let S C M be a closed incompressible surface, then: 
TN{M S , dM s ) < TN(G' S , dG' s \ intA' s ). 
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Proof. We consider the following natural homomorphisms induced by the inclusion 
maps: 

: H 2 (G' s ,dG' s \mtA' s ;Z) -> H 2 (M s ,dM s ;Z); 

1> : H 2 (IB' s ,dIB's\mtA' s ;Z) -> H 2 {M s ,dM s ;Z). 

By applying the relative Mayer- Vietoris sequence (see [Do, page 52] or [Sp, Chap. 4.6]) 
to the pairs (G' s , dG' s \ mtA' s ) and (IB'g,dIB'g \ MA' S ), one gets the exact sequence: 

► H 2 (A' S , dA' s ; Z) -► i? 2 (G' 5 , <9G' 5 \ intA' 5 ; Z) © H 2 {IB' s ,dIB' s \ wtA' s ; Z) -» 

- ff 2 (M s , <9M 5 ; Z) - ^(A'g, <9A' 5 ; Z) - . . . 

Since by our construction, all components of ^4' 5 are separating, the homomorphism 
H 2 (Ms,dMs;1j) — > i?i(^4' s , 5^4' 5 ; Z) is null and thus we get an epimorphism: 

+ -0 : #2 (G's, 9G" 5 \ int,4' 5 ; Z ) © H 2 (IB' s ,dIB' s \ wtA' s ; Z) -> F 2 (M 5 , <9M 5 ; Z). 

It is clear that H 2 (IB' s , dIB'g \ mtA' s ; Z) has a basis 7 = {ci, . . . ,c m } which is formed 
by a set of vertical annuli, whose Thurston norm vanishes. Hence for any generating set 
P = {h,...,b n } of H 2 (G' s ,dG' s \MA' s ;Z), a = {0(h), . . . , </>(b n ), V(ci), . . . , Y>(c m )} is a 
generating set of H 2 (M s ,dM s ;Z). It follows that TN(M s ,dM s ) < TN(a) < TN(f3), 
since by the definition of Thurston norm ||</>(6j)|| < \\bi\\ and < ||^»(cj)|| < ||cj|| = 0, for 

1 = 1, n and j = 1, m. Therefore TN(M S , dM s ) < TN(G' S , dG' s \ MA' S ). □ 

3.2 Finiteness of absolute Gromov volume 

This section will not be used in the rest of the paper, but it provides a finiteness result 
for the absolute Gromov volumes of the compact manifolds Mg, analogous to the one for 
their Thurston norms. 

First we recall the basic definitions about Gromov's simplicial volume (see [Gr]). 

Definition 3.4 Let X be a compact orientable 3-manifold with boundary. Define the 
relative Gromov volume \X, dX\ by: 



\X,dX\ := M< 



El* 

i=i 



\o-{ is a cycle representing a fundamental 

i=l 

class in H 3 (X, dX;R), where a* : A 3 -> X 
is a singular simplex and Aj G R, i = 1, . . . , n. 
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A fundamental class in H^(X, dX; R) is the image of any of the 2 k fundamental classes 
in Hs(X, dX; Z) under the coefficient homomorphism, where k is the number of connected 
components of X. 

For a manifold with non-empty boundary, there is another way of defining a simplicial 
volume, that we call the absolute Gromov volume. 

Definition 3.5 Let X be a compact orientable 3-manifold with boundary and let D{X) 
be the double of X, obtained by identifying two copies of X along their boundary via the 
identity map. The absolute Gromov volume of X, denoted as \X\, is defined to be half of 
the Gromov volume of the closed manifold D(X). 

By the definitions of these two volumes, one has: \X\ < \X, dX\. Moreover by [Ku] 
they are equal if and only if dX = or \{dX) > 0. 

For example, let (X, A) be a patterned 3-manifold and let Da(X) be the compact 3- 
manifold obtained by doubling X along the portion dX\A of its boundary. Since 8Da{X) 
is a collection of tori, one has = \Da(X), 8Da(X)\. 

The following finiteness result holds for the absolute Gromov volume, while it is false 
for the relative Gromov volume. 

Proposition 3.6 (Finiteness of Gromov volume) Let M be an irreducible, compact, 
orientable 3-manifold. Then the absolute Gromov volume \M\S\ takes only finitely many 
values for all incompressible surfaces S C M . 

Proof. For an incompressible surface S C M, we consider the Gl-decomposition 
M s = G s U As IB s . By Conclusion (2) in the proof of Theorem 1231 dD{A s ) is a 
collection of incompressible tori in D(Ms). Since the relative Gromov volume is additive 
under gluing along incompressible tori (see [Ku], [So5]), we have: 

\D(M S )\ = \D A (G s ),dD A (G s )\ + \D A (IB s ),dD A (IB s )\. 

Moreover the relative Gromov volume of Da{IB^) vanishes, because Da{IB^) is 
homeomorphic to an S^-bundle (see [Gr], [Thl, Chap. 6]) and the relative Gromov volume 
of Da{Gs) equals its absolute Gromov volume. Therefore we get \Mg\ = ^\Da(Gs)\- 

Now Theorem 12.31 shows that there are only finitely many possible topological type for 
Da(Gs) when S runs over all incompressible surfaces S in M, and hence Proposition 13.61 
follows. □ 

Example 3.7 We give an example of a closed orientable 3-manifold M such that the rela- 
tive Gromov volume \Mg,dMs\ is unbounded when S runs over all incompressible surfaces 
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S in M. Let X be a knot exterior in S 3 which contains incompressible Seifert surfaces 
of arbitrarily high genus (such examples exist which are even hyperbolic see [Gu]). Then 
the closed manifold M = D{X) contains non- separating incompressible closed surfaces 
S n , with genus tending to infinity with n, formed by doubling the Seifert surfaces. When 
M is split open along such a surface, it is easy to see that the Thurston norm in M$ n , 
\\S n \\ tends to infinity with n. By definition of the relative Gromov volume, one has: 
\M Sn ,dM Sn \ > 2||<9M 5 J| = 4||5„||. Hence \M Sn ,dM Sn \ tends to infinity with n. 

4 Local Domination 

In this section we prove the finiteness of the JS J-pieces for geometrizable manifolds which 
are dominated by a given compact, orientable 3-manifold. We recall the statement that 
we are going to prove: 

Theorem 4.1 (Finiteness of JSJ pieces) Let M be a closed, orientable, 3-manifold. 
Then there is a finite setTCS(M) of complete hyperbolic 3-manifolds with finite volume and 
of Seifert fibered 3-manifolds, such that the JS J-pieces of any closed, orientable, irreducible, 
geometrizable 3-manifold N dominated by M belong to TLS{M), provided that N is not 
supporting the geometries o/§ 3 , PSZ^IR), Nil. 

By [Prop. 3.3, BW], we can find an irreducible (even hyperbolic) closed, orientable 
3-manifold which 1-dominates M. Hence in the remainder of the proof, we may assume 
that M is irreducible. 

Let M be a closed orientable irreducible 3-manifold. By Haken's finiteness theorem, 
there is a maximum number h{M) of pairwise disjoint, non-parallel, closed, connected, 
incompressible surfaces embedded in M. The following elementary fact (see [Wl] for 
example) will be used in this section and the next ones. 

Lemma 4.2 Let M and N be two closed, irreducible and orientable 3-manifolds. If M 
dominates N, then h(M) > h(N). 

Let r(iV) be the dual graph associated with the JSJ-decomposition of N. This graph 
has one vertex for each Seifert piece or piece with a hyperbolic metric of finite volume 
and one edge for each incompressible torus boundary component of either type of piece. 
If M dominates N, then h(M) gives an upper bound for the number of edges of T(N), 
by Lemma 14.21 Hence the number of JS J-pieces of N, which is the number of vertices of 
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r(JV), is bounded above by h(M) + 1. Therefore to prove Theorem l4.11 we need only show 
that the JSJ-pieces of all 3-manifolds N dominated by a closed, orientable 3-manifold M 
admit only finitely many topological types. 

Definition 4.3 Let M be a closed orientable irreducible 3-manifold. Define: 

A4 = {Ms,Ms\ where S runs over all imcompressible surfaces in M, and Ms runs 
over all double covering of Ms}. 

Since each closed 3-manifold has only finitely many double coverings, the main results 
in Sections |21 and and their proofs imply the following proposition: 

Proposition 4.4 Let M be a closed, irreducible 3-manifold. Then 

(1) there is a finite set Q{M) of connected compact d-patterned 3-manifolds such that for 
any X E M, each component of the patterned guts (Gx,Ax) belongs to Q(M). 

(2) Sup{TN(X,dX)\X E M} < L(M) for some constant L{M) > depending only on 
M. □ 

Proposition 4.5 For a given integer L > ; there is is a finite setS(L) of compact Seifert 
3-manifolds such that if a Seifert manifold N with non-empty boundary and orientable base 
is dominated by a compact orientable 3-manifold P with TN(P, dP) < L, then N belongs 
to S(L). 

Proof. Each homology class y of Pt2(N, dN; Z) can be represented by an orientable 
incompressible and 3-incompressible surface. Since N is an irreducible Seifert manifold, 
each incompressible surface is properly isotopic to either a vertical torus or annulus (fo- 
liated by Seifert circles), or a horizontal surface (transverse to all Seifert circles) (cf. [Ja, 
Chap. VI]). Since dN ^ 0, N always admits horizontal surfaces. 

Let O be the orbifold base of N and h be a regular fiber of N . Suppose also that O, 
h and iV are compatibly oriented. Let F be a horizontal surface of iV and p : F — » O the 
branched covering, induced by the restriction to F of the projection of N onto its base. 
Since O is oriented, so is F. Note that the Euler characteristic x(O) is computed for an 
orbifold, so that each exceptional fiber of multiplicity n gives a term — — 1. Then we 
have x(F) = M x x(C) < 0^ where d = deg(p) ^ is equal to the algebraic intersection 
number [F] ■ [h] of F and h. Up to reversing the orientation of F, one can always assume 
that d = [F] ■ [h] > 0. Note that the geometric intersection number \F n h\ of F and h 
(i.e. the minimal number of intersection points between F and h up to ambient isotopy) 
is precisely the absolute value of the algebraic intersection number [F] ■ [h] . 
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Suppose further that F has minimal genus among all horizontal surfaces in iV. If 
x(F) > 0, -F is a disc or an annulus, and thus N can be homeomorphic only to a solid torus, 
an S^-bundle over the annulus or a twisted 5 1 -bundle over a Mbbius band. Assuming that 
these three Seifert manifolds belong to S(L), we can assume furthermore that x(-F) < 0. 

Let || ||jv (resp. || ||p) be the Thurston norm on H 2 (N,dN;Z) (resp. H 2 (P,dP;'Z)). 
Note that H 2 (N,dN;Z) is torsion free and therefore it is precisely the integer lattice of 
H 2 (N, dN; R). Let V = {y G H 2 (N, dN; Z); ||y||jv = 0}. By the discussion above, V is the 
sublattice of H 2 (N,dN;Z) generated by the vertical tori and annuli. 

Lemma 4.6 H 2 {N,dN;Z) = ([F]} © V. 

Proof. Pick any homology class y G H 2 (N,dN;Z). If ||y||jv = 0, then y G V. 
Suppose ||y||jv / 0. Let S be an orientable, incompressible and ^-incompressible surface 
representing y = [S] with — x(S') = ||y||jv- Since x(S) = — \\v\\n < 0, after a proper isotopy 
we may assume that S is horizontal and that [5"].[/i] = \Snh\ > 0. (otherwise we replace y 
by -y). Let I > 1 be the integral part of [S].[h}/[F].[h]. Then (£ + l){[F].[h}) > [S].[h] > 
£{[F].[h]), that is \Fnh\ = [F] ■ [h] > [S - £F] ■ [h] > 0. 

If the homology class [S — IF] does not belong to V, then it can be represented by a 
horizontal surface S' such that : 

\\[S-£F]\\ N = - X (S') = -([S-£F] ■ \h]) x (0) > —[F] ■ [h} x (0) = \\[F]\\ N . 

This would contradict the minimality of the genus of F among all horizontal surfaces 
in N. Therefore [S — £F] G V and y = [£F] + [S — £F] . □ 

By hypothesis, there is a compact, orientable 3-manifold P with TN(P, dP) < L and a 
non-zero degree map / : P — > N. Let a = {z±, z m } be a basis of H 2 (P, dP;Z) realizing 
TN(P) : max{||zj||p; i = 1, ...,m} < L. For i = 1, ...,m, let Si be a properly embedded 
surface in P representing Z{ with — x(S'j) = H^Hp- 

For i = 1, ...,m, we set y t = [f(Si)] = £% [F] + Vi G H 2 (N,dN;Z), where v { G V. By the 
triangle inequality and the fact that \\vi\\p = 0, we get: 

M\[F]\\p = \\£i[F]\\p = \\Vi- Vi\\ P < HWp + \\vi\\ P = \\yi\\ P 

By [Gal] (see also [Pe]) the Thurston norm \\yi\\p can be calculated using singular 
surfaces, therefore \\yi\\p < — x{Si) = \\ z i\\p < L. Combining the two inequalities, we have 
4||[F|||p<Lfori = l,...,TO. 
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Since / : P — > N has non-zero degree, f*(H2{P, dP; Z) has finite index in H2(N, dN; Z) 
and thus it cannot lie in V. Therefore there is some index i € {1, ...,m} with \£t\ > 0. 
It follows that (([-FJIIp < L, hence the horizontal surface F can have only finitely many 
topological types, up to homeomorphism. 

Cutting the Seifert manifold N along the horizontal surface F, we obtain a product 
F x I, since the base O and the surface F are orientable. Therefore N can be presented as 
a surface bundle over S 1 with fiber F and orientation preserving monodromy g : F — > F. 
Since N is Seifert fibered, g must be a periodic map [Ja, Chap. VI]. However, up to conju- 
gacy, a given compact surface admits only finitely many periodic homeomorphism. Since 
any two conjugate monodromy maps define homeomorphic 3-manifolds, there are only 
finitely many possible homeomorphism types of Seifert manifolds N for a given compact 
surface F. Since F has only finitely many topological types, the proof of Proposition 14.51 
is complete. □ 

Proof of Theorem 14.11 

We assume first that N is not a Seifert manifold. By Soma's results ([Sol], [So2]), we 
know that Theorem 14 . 1 1 holds for hyperbolic JSJ-pieces. Since N is not Seifert fibered, we 
may assume that N has a non-empty JSJ-family of tori T and we have only to consider 
the Seifert fibered JSJ-pieces. 

Let / : M — ► JV be a map of non-zero degree. After a homotopy of / we may 
assume that / _1 (7~) is a non-empty collection of disjoint non-parallel closed incompressible 
surfaces in M. Let Mf be the union of all components of M \ / _1 (T) and of all their 
double coverings. By definition we have A4f C M.. 

Let Ni C N be a Seifert fibered JSJ-piece. Then Ni is dominated by at least one 
component Mi of M\/ -1 (T). Then the finiteness of such JSJ-pieces N with an orientable 
base follows immediately from assertion (2) of Proposition |4~H and Proposition 14.51 

If Ni has a non-orientable base orbifold, let N be the unique double cover of N{ which 
is Seifert fibered with an orientable base. Then a standard argument show that a double 
cover Mi of Mj dominates iVj. Thus we get the finiteness of such 3-manifolds Ni as 
above from Propositions 14.41 and 14.51 Since any involution on such Seifert manifolds Ni is 
conjugate to a fiber preserving one by [MS], there are only finitely many conjugacy classes 
of involutions on each Ni . This implies the finiteness of the Seifert JSJ-pieces iVj . 

The finiteness of Seifert manifolds supporting a product geometry M 2 x M follows 
also from Propositions 14.41 and 14.51 as above, and thus Theorem 14. II is proved. □ 

Remark 4.7 If f : M — > N is a map of non-zero degree then after a homotopy of f 
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we may further assume that either f~ l (T) is a collection of disjoint non-parallel closed 
incompressible surfaces in M , or N is a torus bundle over a circle or a union of two twisted 
I-bundles over a Klein bottle. To see this, note that the standard technique of surgering 
along compressing disks of the pre-image by a homotopy of f is straightforward. So we can 
achieve that the preimage consists of incompressible surfaces. Next, parallel components 
°f need to be removed by further homotopies of f , unless N is a surface bundle 

over a torus. Suppose there is a product region R between parallel surfaces in f~ l (T) and 
assume that one component of dR is mapped to a torus T in T by f . Let Nt denote 
the covering space of N corresponding to the subgroup tti(T). Then it is easy to see that 
f\R lifts to a map f : R — > Nt- Suppose that f maps the two components of dR to 
two different compact lifts of T to Nt- Then these two lifts cobound a product region in 
Nt, which implies that N is either a torus bundle over a circle or a union of two twisted 
I-bundles over Klein bottles. Otherwise f maps the two components of dR to the same 
lift ofT in Nt, it follows that we can homotope f to remove the two components of dR in 
/ _1 (7~). So after such homotopies, all the surfaces in f~ l (T) will be disjoint, non-parallel 
and incompressible. 

Using a standard doubling construction, Theorem 14. II can be extended to the following 
case where the manifolds targets have toric boundary. 

Corollary 4.8 Let M be a compact, orientable, 3-manifold. Then there is a finite set 
7iS{M) of complete hyperbolic 3-manifolds with finite volume and of Seifert fibered 3- 
manifolds, such that the JSJ-pieces of any compact, orientable, irreducible, 3-manifold N 
with non-empty toric boundary, dominated by M belong to TLS(M). 

Proof. If N has non-empty boundary, so does M. In particular both M and N are 
geometrizable 3-manifolds. Let D{N) be the double of N, obtained by gluing two copies of 
N along their boundaries via the identity map . Then the double D{M) of M dominates 
D(N). Since the boundary of N is a collection of tori, the JSJ-pieces of D(N) are either 
exactly those of N and consist of two copies of hyperbolic and Seifert pieces in the JSJ- 
decomposition of D(N), or there are new Seifert fibered pieces obtained by doubling some 
Seifert fibered pieces of N along some of their boundary tori. In any case, the finiteness 
of the JSJ-pieces of D(N) implies the finiteness of the JSJ-pieces of N. □ 
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5 Integral homology spheres 



The main result of this section gives a positive answer to Question 3 when the targets are 
integral homology spheres. It implies a positive answer to Question 2 when the targets 
are geometrizable integral homology spheres and to Question 1 when the domain is an 
integral homology sphere and the targets are geometrizable. 

Theorem 1.2 Any closed orientable 3-manifold dominates only finitely many geometriz- 
able integral homology spheres. 

Let us fix M as a closed orientable 3-manifold. As in the previous section, we may 
assume for the remainder of the proof that M is irreducible. 

First we reduce the proof to the case where the target homology sphere N is irreducible. 
As in the previous section, the preimage of the collection of separating essential spheres 
associated with the prime decomposition of iV can be assumed to be incompressible, 
disjoint and non-parallel surfaces in M. Hence there are at most h(M) — 1 prime factors. 
Moreover by pinching all the prime factors except one to a point, it follows that each prime 
factor is dominated by M. Hence we have only to show the finiteness of the set V{M) of 
homeomorphism classes of irreducible, geometrizable, closed, integral homology 3-spheres 
N which are dominated by M 

Lemma 5.1 Only finitely many Seifert fibered integral homology 3-spheres belong to V(M). 

Proof. A closed Seifert fibered integral homology 3-sphere must support the geometry 
of either S 3 or PSL^R). 

For Seifert manifolds supporting the geometry 5 3 , there are only two integral homology 
3-spheres: the 3-sphere S* 3 and the Poincare dodecahedral homology sphere. 

Now suppose that iV supports the geometry of PSZ^QR). Since N is an integral 
homology sphere, it has an orientable orbifold base which is a 2-sphere with a finite 
number n > 2 of cone points. By [OVZ], N is determined up to homeomorphism by the 
following Seifert invariants: N = (O; eo; . . . , which satisfy: 

• For i = 1, . . . ,n, a,i > bi > 1 are relatively prime and the fractions ^ € Q/Z — {0} 
are the holonomies or twistings of the exceptional fibers of the Seifert fibration. 

• The rational Euler number eo € Q satisfies eo + Y17=i ^ = e G Z is the usual Euler 
class of the Seifert fibration (see [Sc]). 

• The Euler characteristic of the orbifold base B is x(-B) = 2 — Yl?=i (l ~~ i") < 0, 
since n > 3. 
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The order of the torsion part of Hi(N, Z) is given by |Tori?i(iV, Z)| 
see [HWZ1, 3.1] for example. 



1 ">l\l 



Since N is an integral homology sphere |Tori?i(iV, Z)| = 1 and thus eo = ft'^ 1 — and 
^i(Y\j=ii a j) = ±1 modulo Oj for i = l,...,n. Moreover the integers a^i = 1, ...,n are 
pairwise relatively prime. Therefore the unordered set {a±, . . . ,a n } of integers determines 
the Seifert fibered homology sphere N, up to orientation. Hence, up to homeomorphism, 
there are only two Seifert fibered homology spheres N associated to the unordered set of 
integers {ai, . . . , a n }. So we need only show that if N is dominated by M, then n and the 
integers Oj, i = 1, . . . , n, take only finitely many values. In fact to do so, it is sufficient to 
get a uniform upper bound on FJ ■ cij, depending only on M. 

We use the Seifert volume SV introduced by Brooks and Goldman [BG]. It has the 
following interesting properties: 



(1) SV(M) > dSV(N) if / : M 
M and N. 



N is a map of degree d ^ 0, for orientable 3-manifolds 



(2) SV(N) 



X(B) 2 



if N is a PSLziM.) -manifold with base orbifold B. 

It is easy to see that the maximum of the Euler characteristic of the base B of N is 
obtained for three cone points with orders {2,3,7}. Hence: 

(3) X(B) < 



j_ 

42 ' 



Then by (1), (2) and (3) we have : SV(M) > dSV(N) = d 



e (N) 



> 



I 1 
I 42 s 



IE 



Therefore Y\a=i a i — ^ 2 SV{M) and the proof of Lemma l5.1l is complete. 



□ 



The dual graph T{N) to the JSJ-decomposition of an irreducible homology sphere N 
is a tree. By Lemma l4.2| the number of edges of T(N) is < h(M), the Haken number of 
M. 

By the local domination theorem and Lemma f5.1( the geometric JS J-pieces of the closed 
orientable 3-manifolds in T>(M) belong to a finite set TLS{M) of compact 3-manifolds 
with interiors admitting complete hyperbolic metrics with finite volume and of Seifert 
3-manifolds. 

For a given graph T, let T>(M, T) C T>{M) be the set of homeomorphism classes of 
geometrizable closed orientable integer homology 3-spheres iV such that: 



1. N is dominated by M. 

2. The JSJ-graph T(N) is abstractly isomorphic to T. 



21 



3. Each vertex manifold has a fixed topological type. 

The local domination theorem and Lemma 14.21 reduce the proof of Theorem ll.2l to the 
following proposition: 

Proposition 5.2 The set V(M, T) is finite. 

Proof. The proof of Proposition 15.21 is by induction on the number np of edges of T. 
If n-p = 0, Proposition 15.21 is obvious. By induction, we assume the result to be true for 
rir < n — 1 and prove it for nr = n. 

Let N G T>(M, T). Let w be a leaf (i.e. a vertex of valency one) of T and let e be the 
attached edge. Denote by W the geometric submanifold in TCS(M) corresponding to w 
and let V = M \ W. The compact 3-manifolds V and W are both integral homology solid 
tori with boundary an incompressible torus corresponding to the edge e. Notice that the 
topological type of W is fixed by definition of T>(M,T), while the topological type of V 
may depend on N. 

Since V and W are integral homology solid tori, one can fix on each torus dV and dW 
a basis for the first homology group: {nv, Ay} and {nw, ^w} such that: 

1. /iyC dV and C dW each bounds a properly embedded surface Fy and F\y re- 
spectively in V and W. The surfaces Fy and F\y can be chosen to be incompressible 
and <9-incompressible in V and W respectively. 

2. The intersection number \xy ■ \y = fi\y ■ \ w = 1 

3. Xy generates Hi(V;Z) and \\y generates Hi(W;Z) 

Lemma 5.3 The gluing map <fi : dV — > dW induces a map on the first homology group, 
which satisfies the following equations, where e = ±1, pGZ and g£Z: 

( 1) <Mmv) = PMW + eAw, 

(%) </>*(Ay) = e(pg + + ?Avk- 

Remark 5.4 To s/iou; f/iaf there are only finitely many gluing maps 4> '■ dV — > 
up io isotopy, when N E T>(M, F), we need only get an upper bound on \p\ and \q\. 
These two numbers correspond to the intersection numbers \p\ = A(</>*(/iy), X\y) and \q\ = 
A(^ 1 (A«w),Av). 

Proposition 5.5 The integer p takes only finitely many values. 
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Proof. By pinching the surface Fy onto a disk D 2 , one can define a proper degree-one 
map pv '■ V — > S 1 x D 2 such that Py 1 ({x} x <9D 2 ) = Fy for some point x G 5* 1 . Then one 
gets a degree-one map /y : iV — > W(p/e), where the homology sphere W(p/e) is obtained 
by Dehn filling with a solid torus. The Dehn filling is given by the gluing map (j>, hence: 

(f)*(dD 2 ) = pn w + e\ w - 

Claim 5.6 The closed manifold W(p/e) belongs to only finitely many topological types. 

Proof. By well-known results of Thurston, we will show that for almost all values of p, 
W(p/e) is geometric. Since this manifold belongs to D(M) by construction, the claim will 
follow from the first step of the induction. We distinguish two cases according to whether 
W is hyperbolic or Seifert fibered. 

If W is hyperbolic, Thurston's hyperbolic Dehn filling theorem [Thl] shows that 
W(p/e) is hyperbolic for almost all p. 

If W is Seifert fibered, since W is an integral solid torus, but not a true solid torus, 
the Seifert fibration is unique up to isotopy. Moreover the fiber h is transverse to the 
horizontal surface Fyy, which is a fiber of a fibration of W over S . This implies that 
the intersection number fi\y ■ h ^ on dW . The manifold W(p/e) is Seifert fibered if 
and only if the intersection number (j)+(dD 2 ) • h ^ 0; this is equivalent to the condition 
p(/J:W • h) + e(Xy/ ■ h) ^ which is valid for almost all p, since nw ■ h ^ 0. □ 

Now Proposition 15.51 follows from the following: 

Claim 5.7 There are only finitely many values of p such that the closed manifold W{p/e) 
has a fixed topological type. 

Proof. By the proof of the previous Claim, there are only finitely many p such that 
W{p/e) is not hyperbolic or Seifert fibered. Hence we can restrict to the case where 
W(p/e) is hyperbolic or Seifert fibered. 

If W(p/e) is hyperbolic, then W is hyperbolic since it is geometric. Thurston's hyper- 
bolic Dehn filling theorem shows that for p sufficiently large the volume of W(p/s) strictly 
increases with \p\, hence \p\ must be bounded and the claim follows. 

If W(p/e) is Seifert fibered, one distinguishes two cases. If W is hyperbolic, as before, 
Thurston's hyperbolic Dehn filling theorem gives the desired conclusion. Otherwise W is 
Seifert fibered. Then the order a > 1 of the possibly exceptional fiber corresponding to 
the core of the Dehn filling is given by: 
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a = (jy^dD 2 ) ■ h = p(fiw ■ h) + e(\w • h). 



Since this order a is determined by the topological types of W(p/e) and W, there are 
only finitely many possible values for p, because nw • h ^ 0. □ 

It remains to show that there are only finitely many topological types for V and finitely 
many values for q. 

Proposition 5.8 The manifold V = M\int(W) takes only finitely many topological types 
and the integer q takes only finitely many values. 

Proof. Let (fr 1 = ip : dW -> dV be the inverse of the gluing map. Then one has: 

If the JSJ-decomposition of V is trivial, then V is a geometric piece of the JSJ- 
decomposition of M and hence by the local domination theorem, it takes only finitely 
many topological types. Then the proof of Proposition 15.81 is the same as the proof of 
Proposition 15.51 bv exchanging the role of V and W. 

Let X C V be the geometric piece of the JSJ-decomposition of M adjacent to W : it 
corresponds to the second vertex v of the edge e attached to the vertex w. Then dV C dX 
and dX is not connected. 

By pinching the surface Fyy onto a disk D 2 , one can define a proper degree-one map 
Pw '■ W — > S 1 x D 2 such that p^({x} x dD 2 ) = F\y for some point x € S 1 . Then one gets 
a degree-one map fw '■ X — > V(—q/e), where the homology sphere V(— qje) is obtained 
by Dehn filling V with a solid torus. The Dehn filling is given by a gluing map ip, hence: 

MdD 2 ) = -qfi v + eX v . 

As above, we denote by X(—q/e) the 3-manifold obtained by Dehn filling X along 
dV C dX. 

Claim 5.9 For almost all q, the manifold X(—q/e) is d-irreducible and geometric. 

Proof. As above, when X is hyperbolic the claim follows readily from Thurston's 
hyperbolic Dehn filling theorem. 
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Let us assume that X is Seifert fibered. Since X has > 2 boundary components and is 
not a product T 2 x [0, 1], the Seifert fibration on X is unique up to isotopy. We distinguish 
two cases : 

a) X is a cable space. Let S 1 x D 2 be a soli torus, a ca&Ze space is the complement of 
an open tubular neighborhood of an (r, s)-cable of the core S 1 x C S 1 x L> 2 , where r, s 
are coprime integers and s > 2 is the number of intersection points of the cable with a 
disk x x L> 2 . It has a Seifert fibration over an annulus with one singular fibre of order s. 
Since V is an integral homology solid torus and by choosing Fy of minimal genus, one can 
isotope Fy such that it meets transversely the other boundary component T' = dX — dV 
in exactly s > 2 simple closed curves, which are null-homologous in V \ int(X) (see [Go]). 
Hence Fx = FyDX is an incompressible and d- incompressible orientable surface in X and 
thus cannot be an annulus. Therefore Fx is isotopic to a horizontal surface, transversal to 
the Seifert fibration. Let hbe a Seifert fiber on dV, it follows that the intersection number 
[iy ■ h 7^ 0, since Fx is a branched covering of the orbit surface of X, which is orientable 
because X embeds in a homology sphere. If the intersection number \ip+(dD 2 ) • h\ > 2, 
then the Seifert fibration of X extends to a Seifert fibration on X(—q/e) such that the 
core of the Dehn filling becomes a singular fiber. In particular X(—q/e) is 9-irredueible 
and geometric. This gives the condition 

\q(fiy ■ h)+e{X v ■ h)\ > 2, 

which is valid for almost all q, because the intersection number [iy ■ h 7^ 0. 

b) If Wt is not a cable space then by [CGLS, section 2] for almost all q, the manifold 
X(—q/e) is irreducible and d- irreducible. In particular the Siefert fiber h is not killed 
by the Dehn filling and thus the Seifert fibration of X extends to a Seifert fibration on 
X(-q/e). □ 

Therefore, for almost all q, X(—q/e) is a geometric piece of the JSJ-decomposition 
of V{—q/e). Hence for almost all q, the homology sphere V(—q/e) is irreducible and 
geometrizable, thus it belongs to T>(M) since N 1-dominates V(—q/e). For such q, the JSJ- 
graph r(V(— q/e)) has n— 1 vertices by construction, hence there are at most finitely many 
such manifolds V(—q/e) by the induction hypothesis. For such q the graph T(V(—q/e)) is 
obtained from T by collapsing the vertex w and the edge e onto the second vertex v of e; 
moreover the geometric pieces corresponding to the vertices distinct from v and the gluing 
maps at the edges distinct from e are not affected by the degree-one map fyy which is the 
identity restricted to V. It follows that V takes only finitely many topological types. 

Since for almost all q, X(—q/e) is a geometric piece of a manifold dominated by M, 
it follows from Theorem 14. II that X(—q/e) can take only finitely many topological types. 
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Since X is geometric, using Claim we can argue as in Claim lo"Tl to conclude that q 
takes only finitely many values. □ 



6 Knot exteriors in S 3 

By Theorem 11.21 and an obvious twisted double construction argument, one can prove 
easily that any integral homology solid torus 1-dominates at most finitely many integral 
homology solid tori. A less direct but more interesting result is the following 

Corollary 6.1 Any compact orientable 3-manifold dominates at most finitely many exte- 
riors of knots in S 3 . 

Proof. Let E(k) be the exterior of a knot k in § 3 . The dual graph T(k) to the JSJ- 
decomposition of E{k) is a rooted tree, where the root corresponds to the unique vertex 
manifold containing dE(k). 

Let w be a leaf of Y which is not the root. Recall that 5 3 = E(k) U N(k). Let W 
be the JSJ-piece of E(k) corresponding to w and let V = S 3 \ int{W). Then V is a solid 
torus such that V \int(N(k)) = E{k) \ int(W), which we will denote by U. Then we have 
E(k) = U Uff) W, where <ft : dV —* dW is the gluing map. Notice that W is the exterior of 
a non-trivial knot k\y in § 3 - 

As before, one can fix on each torus dV and dW a basis for the first homology group 
such that {fly i ^v} an d {f-iWi ^w} meet the conditions (1) and (2) just before Lemma 1531 
by taking : 

• {yuy, Xy} being a meridian-longitude pair on the boundary of the solid torus V; 

• {nwi^w} = {^k w -, m k w } a prefered longitude-meridian pair for the knot space W. 

In the proof of Theorem 11.21 we showed the finiteness of both integers p and q in 
Lemma 15.31 by pinching first V, then W. In the case of a knot complement E(k) we 
can only pinch W. However in this case, only one integer is involved in determining the 
gluing. More precisely, since W is the exterior of a knot ky/ in § 3 and since a knot in S 3 
is determined by its exterior by [GL], we have: 

Lemma 6.2 The gluing map (ft : dV — > dW induces a map (ft+ on the first homology group 
satisfying (ft+^fiy) = mk w = Xw and 0*(Ay) = —fiw + Q^w, where g£Z. □ 
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Then by pinching W, the arguments in the proof of Theorem ll.2l show that the manifold 
U = E(k) \ W takes only finitely many topological types and that the integer q takes only 
finitely many values. This finishes the proof of Corollary 16.11 □ 

We end this section with some discussion on the following conjecture raised in the 
1970's. 

Conjecture 6.3 [Ki, Problem 1.12 (J. Simon)] Given a knot k C § 3 ; there are only 
finitely many knots ki € S 3 for which there is an epimorphism fa : 7Ti(E(k)) — > m(E(ki)). 

Definition 6.4 The subgroup it\{dE{k)) C m(E(k)) is called the peripheral subgroup. 

A homomorphism <p : TT\{E(k)) — > TT\{E(k')) is non degenerate if it sends the prefered 
longitude of k to a non-trivial peripheral element of iri(dE(k')). 

A homomorphism (f) : iri(E(k)) — > iri(E(k')) is d-preserving if 4>i(7Ti(dE(k)) is conju- 
gate to a subgroup of ni(dE(k')). 

Coni ecture 16 .31 is true if each closed incompressible surface in E{k) is boundary parallel 
and each epimorphism fa is 5-preserving [ReW, Theorem 5.2]. Corollary 16 . 51 below solves 
Conjecture 16.31 for non degenerate epimorphisms. 

Corollary 6.5 (Finiteness for knot groups) Given a knot k C S 3 , there are only 
finitely many knots ki C § 3 for which there is a non degenerate epimorphism fa : iri(E(k)) — ► 

TTl 

The proof of Corollary 16.51 follows from the following claim: 

Claim 6.6 A non degenerate epimorphism (ft '■ 7r i(-E'(^)) ~~ > 7r i(^(^ / )) ^ s d-preserving and 
injective on TTi(dE(k)). 

Proof. On the boundary tori dE(k) and dE(k'), let {m,£} and {m',£'} be meridian- 
prefered longitude pairs. 

By hypothesis, 4>(£) is a non-trivial element in 7Ti(dE(k')) which is null-homologous in 
H\(E{h')). Hence fat) = £' Ui with m E Z \ {0}. Then fam) belongs to the centralizer of 
i' ni in the knot group %i{E(k')). By [JS, Chap. VI] and the description of Seifert pieces 
in a knot complement, the centralizer of £' ni is the peripheral subgroup r Ki{dE{k')), hence 
fam) is a peripheral element which normally generates the knot group iri(E(k')) and so 
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generates its first homology group. Hence <f>(m) must be equal to m' + q£' for some integer 
q 6 Z. This proves the claim. □ 

Then, since knot exteriors are K(ir, l)-spaces, a standard argument in algebraic topol- 
ogy and 3-manifold theory show that the epimorphisms 4>i can be realized by non-zero 
degree proper maps /, : E{k) — > E(k{). Therefore there are only finitely many such knots 
kj C S 3 bv Corollary KH1 □ 

Remark 6.7 The recent proof of Property P for knots in S 3 by Kronheimer and Mrowka 
[KM] implies that in the Claim UTh\ (f)(m) is in fact equal to the meridian w! . 

In [GR] many examples of degenerate epimorphisms between knot groups are given. 
The question whether any epimorphism between knot groups must send a meridian to a 
meridian seems to be still open. 

Remark 6.8 J. Simon also raised a weaker conjecture that any infinite sequence of epi- 
morphims on knot groups contains an isomorphim [Ki], which has been verified for simple 
knots. Indeed any any infinite sequence of epimorphims on 3-manifold groups contains 
an isomorphim if 3-manifolds involved are either all hyperbolic [So4], or all Seifert fibered 
[RWZ]. On the other hand, there are easy examples of the group of a closed orientable 
3-manifold which surjects onto groups of infinitely many non-homeomorphic closed ori- 
entable 3-manifolds, see [BW] and [RWZ]. 
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